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By an N-semigroup we mean a commutative archimedean cancellative 
semigroup without idempotent. A congruence p on an .K-semigroup S is called 
an J-congruence on S if S/p is an Jtr-semigroup. This paper discusses how to 
determine N-congruences on S in the two ways. There is a maximal N- 
congruence pO on S. S/p, is an irreducible N-semigroup. Every J-semigroup 
is isomorphic to a subdirect product of an irreducible.J-semigroup and an 
abelian group. 
INTRODUCTION 
A commutative semigroup S is called archimedean if for every a, b F S 
there are positive integers rp1,a and elements c, d c S such that am = bc and 
b* = ad. By an &“-semigroup we mean a commutative canceIlative 
archimedean semigroup without idempotent. The terminology ‘“M-semi- 
groups” follows Petrich [9], A semigroup is called power-joined if for every 
a, b there are positive integers m and n such that am = 6”. This concept is a 
special case of archimedeaness. It is known that a power-joined M-semigroup 
is isomorphic to a subdirect product of a periodic abelian group and an 
additive semigroup of positive rational numbers; a finitely generated 
.N-semigroup is isomorphic to a subdirect product of a bite abelian group 
and an additive semigroup of positive integers. Thus every power-joined 
(finitely generated) N-semigroup S (see [S], [6]> [g], [13]) is properly 
homomorphic to a positive rational (integer) semigroup which is again an 
N-semigroup, unless S is itself a positive rational (integer) semigroup. 
Related to these special cases the following question is raised: Can an 
Jlr-semigroup be properly homomorphic to an M-semigroup ? Let D be an 
Jtr-semigroup. How can we determine all congruences p on D such that 
D/p is an Jlr-semigroup. We call such a congruence p an M-congruence on 
23, and D/p is called an N-homomorphic image of 23. The purpose of this 
paper is to determine M-congruences. Every M-congruence can be described 
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in terms of a certain subgroup of the structure group and a certain mapping; 
moreover every N-semigroup is a subdirect product of a structure group 
and an M-homomorphic image. The latter is the extension of the results of 
[51, M, [131. Th e result was reported in [14] without proof. 
Originally the structure of A’--semigroups was studied by the author [lo] 
in terms of the so-called #-function and group (Theorem 0.0). There are two 
ways of attacking the problem of N-congruences: one is to take the course 
of the “analyzing” method by using only the structure group, Y-function 
and some function derived from it (Section 2); another one is to start from 
the quotient group, i.e., from the more “synthetical” point (Section 1). 
In any case we arrive at the same result in terms of X-functions. 
The proof of the following theorem is given in [IO], [12]. (See p. 136, [3].) 
THEOREM 0.0. Let G be an abelian group and Pa be the set of all non- 
negative integers. Let I be a function, G x G -+ PO, which satis$es the following 
conditions : 
(0.1) I(ol, ,B) = I@, CX) for all 01, p E G. 
(0.2) I(a, B> + I(4 Y) = I& Pr) + G% r> for aa a, P, Y E G. 
(0.3) I(E, a) = 1 for all 01 E G, E being the identity element of G. 
(0.4) For every 01 E G there is a positive integer m such that I(@, a) > 0. 
We define an operation on the set S = Pa x G = {(m, CX): m E PO, 01 E G} by 
(m, d(n, B> = (m + n + Ita, P), $9. 
Then S is an M-semigroup. Every Jlr-semigroup is obtained in this manner. 
S is denoted by S = (G; I) and the function I is called an f-function of G. 
Let D be an H-semigroup and let a be an element of D. Define a relation 
7, by x~~y iff a% = any for some positive integers m, n (see [IO] or [II]). 
Then 7, is a congruence on D and D/ra is an abelian group. Each T&ass 
D, contains exactly one element p, prime with respect to a, i.e., an element 
p, which cannot be divided by a. Let G = D/ra . A function I: G x G --f PO 
is defined by 
p,pp = al(a,B)pap for CX,~E G. 
Then D is isomorphic to (G;I). (See [IO], Ill].) G is called the structure 
group of D with respect to a; I is cahed the $-function (of D) with respect 
to a. The element a is cahed a standard element of the representation (G; I) 
for D. In [14] this representation is called Tamura representation. 
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1. JV-CONGRUENCES AND QUOTIENT GROUP 
Since an &“-semigroup is commutative and cancellative, it can be embedded 
into an abelian group (for example, [3] or [lYj). There exists a smallest of 
such abelian groups in the following sense. An M-semigroup S can be 
embedded into an abelian group Q and, if S can be embedded into an abelian 
group G, then Q can be embedded into G. Then Q is called the quotient 
group of S. In other words Q is the Grothendieclr group of S. (See [7-jO) Q is 
uniquely determined by S within isomorphism. 
Let S and s’ be Jlr-semigroups and suppose h: S -+ s’ is a homo- 
morphism of 5’ onto S’. Let Q and Q’ be the quotient groups of S and s’, 
respectively. 
LEMMA 1.1. The homomorphism h can be extended to a ~orno~oyp~~sm 
h: Q 3 Q’ of Q onto Q’, that is, if z E S, h(x) = h(z). 
BooJ. Every element x of Q can be expressed as x = aF where a, b E S. 
Given a homomorphism h, we define h: Q + Q’ as folows: 
h(x) = h(a) h(b)-i. 
Let x = a&’ = a,b;‘, a, , b, , as , b, E 25’. Since alb, = azbl , we have 
44 h&J = h(4 h(4) an d so h(a,) h(b,)-l = h(a,) h(b&I, hence h is well 
defined. Let x = ab-l and y = cd-l. It is easy to prove h(~y) = h(z) h(y). 
he surjection of h is obvious since 62 is surjective. 
Sh’ S’ 
Note. Let a: S 3 Q and a’: s’ + Q’ be the embeddings. For h, there 
is a unique h such that the diagram is commutative. h is the covariant functor 
from the category of commutative semigroups into the category of abelian 
groups. 
Accordingly an M-congruence p on the N-semigroup S induces a 
congruence ,6 on the quotient group Q of S such that ,6 j S = p. Conversely, 
given @ on Q, under what condition on @ is its restriction to S an 
M-congruence on S ? 
DEFINITION. A subgroup K of Q is called an M-kernel of S if the 
congruence p on Q determined by K induces an M-congruence on S, that 
is, ,F 1 S is an M-congruence on S. 
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THEOREM 1.2. A subgroup K of Q is an N-kernel of 5’ if and only ;f 
S n K = O. There is one-to-one correspondence between all N-congruences 
on S and all M-kernels of S. 
Proof. Assume S n K = @. Let S be the homomorphic image of S 
induced by the restriction of the homomorphism Q -+ Q/K. Since S is 
archimedean, S is also archimedean. Since S is a subsemigroup of Q/K 
which does not contain the identity element, S is cancellative and does not 
have an idempotent element. Therefore S is an N-semigroup. 
Assume S n K # or. Then the archimedean semigroup S contains the 
identity element and hence it is not an Jfr-semigroup, but a group. It is 
easy to see that the map p -+ K is one-to-one. 
Recall the theory of abelian group extensions. (See for example [4].) By a 
factor system f of an abelian group A into an abelian group B(+) we mean 
a function A x A + B such that the following conditions are satisfied: 
(1.3) f (a, /3) = f(/3, a) for all 01, b E A. 
(1.4) f(ol, E) = 0 f or all 01 E A; E being the identity element of A. 
(1.5) f(a, B> + f (0113, r) = f (01, Pr) + f (B, r) for all a2 A Y E A. 
A factor system f determines the abelian group extension ((B, A; f)) of B by 
A with respect to f, that is, 
((B, A; f )> = (((x, 4): x E B, a f 4, 
and the operation is defined by 
((% MY, PN = Kx + Y + f (a, B)> 4)). 
We are most interested here in the case in which B is the group Z of all 
integers with addition. 
Let S be an .N-semigroup: S = (G; I). According to [12] the quotient 
group Q of S is obtained by the abelian group extension ((Z, G;f)) of Z by 
G with respect to the factor system f defined by 
f (a, 8) = 4% F) - 1. 
S can be embedded into Q by the map 
(% 4 -+ ((x -5 1,4>. 
The identity element of Q is ((0, E)), E being the identity element of G, and 
the inverse element of ((x, CX)) is given by 
((2, a))-’ = ((-x - f (a, a-l), a-‘)). 
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Identifying S with its image, let S = (((x, CX)) : x 3 1, (v. E 6). 
Let R be an N-kernel of S. Clearly ((0, E)) E di= 
(1.6) If ((3, a)) E K, then x < 0. 
ProoJ This is immediate from S n K = 0. 
(1.7) If ((3, 6)) E K, then x = 0. 
y (1.6) we have x < 0. Suppose x < 8. Let x = -3’. Then 
‘, e)) = ((0, c)). Since ((-x’, E)) and ((0, E)) are in K, ((x’, E)) 
must be contained in K, but ((x’, c)) E S since x > 0. This is contradiction 
to the fact S n R = m. Therefore only ((0, 6)) lies in K. 
Let = (a E G : ((x, a)) E K for some x ,( 0). 
(1.8) H is a subgroup of G. 
Proofs H is the homomorphic image of K under the map ((x, a)) -+ a. 
LEMMA 1.9. If ((x, LX)) am? ((y, a)) aye ilz K, thm x = y. 
ProoJ. K contains 
((x9 NY, 4-’ = 6% “M-Y - f(a, a-y, a-l)) = ({x - ys c)). 
y (1.7), we have x - y = 0. 
Thus x of ((x, a)) is uniquely determined by 01 E R if ((x, a)) E 
((x, cx)) E K, let ~(01) = --x. Then 
) ~(a) > 0 for all 01 E H, and ~J(E) = 0 and 
K = {K-d4 4 : 0~ E 
Since K is a subgroup of Q, we have 
Summarizing (1.10) and (1.11) we have 
Let P be the set of all non-negative integers and suppose a subgroup 
of G and ~3: B’ --t PO satisfies (1.12). Let K = (((-p(a), a)) : CC E El). It is 
easy to show that K is a subgroup of Q and S n K = 0. ‘Thus we have 
THEOREM 1.13. Let S = (G;I). If a couple (H, p) satisjks (I .12), tha 
481/27/1-z 
16 TAMURA 
K = N-PM 4 : 01 E H) is an &“-kernel of S. All N-kernels of S are 
obtainedfrom couples (H, v) in this manner. 
A couple (H, v) satisfying (1.12) is called an J-couple of S = (G, I). 
THEOREM 1.14. Given S = (G ; I) and an N-couple (H, y) of S, define 
a relation p on S by 
0% E)P(% 7) if 
f=a (mod 3, 
m - n = %h 7-Y - J(4,P) - 94W). 
Then p is an &“-congruence on S. All N-congruences on S are obtained in 
this manner. 
Proof. Let (m, 0, (n, v> b e elements of S. These are regarded 
as the elements ((m + 1, e)), ((n + 1, q)) of Q. Express the condition, 
((m + 1, 5)) * ((n + 1,71))F1 E K in terms of I and 9). The last part is 
assured by Theorem 1.2. 
By Zorn’s lemma we can prove: There is at least one maximal subgroup 
K, of Q with property S n K,, = D . K, is a maximal M-kernel of S which 
induces a maximal M-congruence p0 on S. We denote S/p,, by S/K, ; that is, 
S/K, is the restriction of Q/K0 to S. S/K,, is an M-semigroup, but there is no 
N-congruence on S/K,, except the equality relation L, that is, S/K,, is 
irreducible in the following sense. 
An Jlr-semigroup is called irreducible if it has no N-congruence except 
the equality relation L. 
2. N-CONGRUENCES 
Let (T be a congruence on an abelian group G. u is regarded as a subset 
of G x G: 
u = {(t, 4 : h, 6, T E Gl. 
Let 2 be the set of all integers. The purpose of this section is to prove the 
following theorem independently of the result in Section 1. 
THEOREM 2.0. Let S = (G; I) be an M-semigroup. Let p be an &“-con- 
gruence on S. Then a congruence o on G and a function d: o + Z are determined 
such that the following conditions are satisjied: 
(2.1) d(ol, /3) = -d@, a) if cxo/3. 
(2.2) d(ol, C) >, 0 if WE, E the identity of G. 
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(2.3) 4% B> = 4% 24 + d(% P> if “o‘y> -PP. 
(2.4) d(a6, pq = d(a, p> - I(% 8) $ I@, 6) zy asp, 8 E 6. 
Conversely assume that a ccmgruence a on G and a ~~~~~t~o~ d: D -+ Z whit 
satisjes (2. I), through (2.4) aye given. Dejine a reldon p on S by 
(2.5) (m, a) p (92, j3) i# au/3 and n - m = d(a, /3>~ 
Then p is an N-congruence on S. Every Jlr-congruence is obtained i% this 
manlzer. 
et S = (G; I) be an Jf-semigroup and let p be a congruence on S. Given 
.a> a congruence CJ on G is defined by 
CXT/~ iff (m, a) p (n, /??) for some m, n E .P. 
It is easy to check that o is a congruence. Let M be the (normal) subgroup of 
G induced by o. N is called the kernel of 0. 
From now on let us assume p is an M-congruence, Since S/p is cancellative 
we have 
(2.6) (m, LX> p (n, 8) implies (m + i, CX) p (n + i, /3) for i 3 -min(m, a). 
For all a, b E S/p, a # ab because S/p is cancellative and has no idempotent 
[ll]. Immediately we have 
(2.7) If (m, CC) p (n, OL), then m = n. 
entity element of G. 
(2.8) If (0, e> p (n, CX), then n = 0. 
(2.9) For each DI E N there is a non-negative integer 1 such that 
(2.9.1) (i, LX) p (I + i, B), i = 0, 1, 2 ,..., and, 
(2.92) if (m, CX) p (n, c), then n - m = 1. 
(2.10) If (ml , ~)P(“1,P)andif(m,,ol)p(n,,p),then~721--gnl=nZ-nz,. 
Proof. Assume m, < m2 without loss of generality. Then (mr , CX) p (nr , ,8> 
implies (m2, CX) p (nl + m2 - m, , /l) by (2.6), and so (al + m2 - m, s 8) p 
owever, by (2.7), we have n, + ms - ml = ns ) hence nr - ml = 
ng - m, * 
We define a relation < on S as follows: 
Then < is a quasi-order on S. S has minimal elements with respect to <2 
where (m, CX) is called <-minimal if (x, 6) < (m, a) implies (m, a) < (x, E)- 
If (m, CX) is <-minimal, then (i, a) is also <-minimal for < i < m. Eat 
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p-class is linearly quasi-ordered with respect to <. By saying that < is 
“linear” we mean that, for any two (x, 6) and (y, r)), (x, 6) < (y, r]) or 
(YY d =G (% 0 
A quasi-order is also defined on G as follows: 
a<P iff (m, IX) < (n, 8) for some non-negative integers m, n, 
equivalently 01 = /3 (mod H) and m < n. 
Each o-class is linearly quasi-ordered with respect to <, 
Let S,, denote each p-class of S : S = u{S, : X E: (1}. For each X E (1, 
a a-class HA* of G (i.e., a class of G modulo H) is determined such that 
(x, 6) -+ f is an injection of S,, to HA, preserving the quasi-orders. Of course, 
for some subset d, of fl, (J{S,+ : h E A,} is mapped onto HA< by the map 
(x, f) + f. However the map h -+ X’ is not necessarily one-to-one. 
Define a map d: o -+ 2 as follows: 
(2.11) d(ol, /3) = n - m if (m, a) p (n, j3). 
It is well defined because of (2.10). d(ol, /3) > 0 if o1=$ p; d(ol, p) < 0 if o1> /3. 
First (2.1) is obvious. To prove (2.2), we show (2.12): 
(2.12) a < E if UaE. 
Suppose (m, CX) p(n, C) and m > n. By (2.6), (m - n, a) ~(0, e) and hence 
m - n = 0 by (2.8). Th is is a contradiction. Thus we have m < n. Therefore 
a! < E. Next we will prove (2.3). 
Let 
for some k k 1 1 s s > 0: 1, 2,lY 21 13 2, 
from the first, (k, + ZI , a) p (k, + ZI , y) by (2.6); 
from the second, (k, + Zr , y) p (k, + I,, /3) by (2.6); hence 
(4 + lx,4 P (k, + 4 9 PI- 
From the third and the last one, 
c&x, ,3) = sg - s1 = k, + 1, - (k, + II) = k, - k, + Z2 - ZI 
= 4% r) + 44 B) 
by (2.10). 
Finally we will prove (2.4). Let (m, a) p (n, /3). Since p is a congruence 
(m, 44 8) P b, PM 81, i.e., (m + I+ 4~5 s), aa) P (n + I+ W a), P). 
Immediately (2.4) is obtained by replacing n - m by d(a, /3) in the formula 
for d(&, PS). 
Thus we have proved that d satisfies (2.1), (2.2), (2.3), (2.4). 
Conversely assume that a congruence u on G and d: (3 -+ Z satisfying 
(2.1) through (2.4) are given. Let H be the subgroup of induced by a, 
efine a relation p on S by 
(f% EIP (% 7) iff [CT? (or t = 7) (mod I-B) and 
n - m = d([, 7). 
We will prove p is an M-congruence on S. 
Since d(t, 0 = 0 for all E E G by (2.1), p is reflexive. Symmetry ofp fohows 
from (2.1). To prove transitivity, assume (m, f) p (n, q) and (n, 7) p (I, t). 
Then r, - HZ = d(f, T), I- n = d(q, 5) which implies t - m = 
d(t, 7) + d(y, l> = d(t, %) by (2.3), hence (m, f) P (4 i). To prove thab: 
Cm, 0 P (n, 7) implies Cm, W, 5) p (a, M, 0, we see 
by (2.4). Next we will prove cancellation. Assume (m, [)(r, 5) p (R, ~)(1, Q. 
Then &r& hence for and n - m + I(TJ, jl) - I(e, 5) = d(& 115) and so 
n - m = d(f, 7) by (2.4). Finally, we will prove that S/p has no idempotent. 
Suppose (m, 5)” p (m, 0. Then 
Pm -k -% 0, t?> P Cm, I) and 46 P) = m + ICE, 0 
n the other hand, (2.4) implies d(f, [2) = d(E, f) - I(E, f) + I(t, 5). 
ence we have m = d(~, [) - 1, but d(~, t) < 0 by (2.1) and (2.2). Since 
m 3 0, we arrive at a contradiction. Therefore there is no idempotent. 
4t is obvious that S/p is commutative and archimedean. Thus t 
Theorem 2.0 has been completed. 
3. OBSERVATIONS ON d-FUNCTIONS 
In this section we will discuss how to determine the d-functions, that is, 
we will find concepts equivalent to the d-functions. 
(3.1) qp, y> - I(% Y) = &v, y-y - qPr, r-9 
.?‘Yoo$ By (0.2) and (0.3), I(cI, y) + I(ar, y-r) = I + I(y, y-r) an 
I(/?, r) i I(/$, y-l) = 1 + I(y, y-r). Subtract one from the other. 
(3.2) Recall that H is the kernel of o. Assume that (2.4) holds for CX, PI 
6 s El. If CQ ) p1 , 01~ , ps E H and if ~lryr = ~~~~ and &yr = &yz for some 
y1 , y2 E 6, then 
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Proof. Note that y& E H. Using (3.1) and (0.2), 
PROPOSITION 3.3. A function, d: u -+ 2, which satis$es (2.1), (2.2), and 
(2.3), is completely determined by the restriction d1 of d to H x H where H is 
the kernel of cr. In other words, if d1 satisjies the restricted1 (2.1) through (2.4), 
then d1 can be uniquely extended to d. 
Proof. If 01’ = p’ (mod H), there are 01, /I E H and 6 E G such that 
01’ = 016, /Y = /3S, 6 3 01’ (mod H). By (3.2) and (2.4), d(& /3S) is well 
defined. Given d1 , define d by d(o16, PS) = dl(ol, /3) - I(a, 8) + I@, 6). This 
is well defined by (3.2). It is routine to show that d satisfies (2.1) through 
(2.4) and d is unique. 
THEOREM 3.4. Let 5’ = (G; I) be an Jlr-sem&oup and let PO be the set 
of all non-negative integers. Assume there is a subgroup H of G with a function 
y: H -+ PO satisfying 
(3.5) ~,(a> + y(P) - ~(4) = I(a, P) - 1 for all 01, P E H. 
(3.6) ~(4 = 0, 
If we de$ne d1 by 
(3.7) dl(a, 8) = do”) - df% 
then d1 is a function H x H + Z which satisjiesl (2.1) through (2.4) in the 
restricted sense. All d,-functions are obtained by cp with (3.5) in this manner. 
Proof. Assume that a function d1 : H x H -+ Z satisfies the restricted 
(2.1) through (2.4). We will omit “restricted” in the proof below. Let 
01 E H. Define v by 
~(4 = d&, 4. 
1 For dx , we have to replace “m$” in (2.1) by “(a, j3) EH x H”; “my and y0/3” 
in (2.3) by “(a, y). (y, p) E H X H”; and “a& 6 E G” in (2.4) by “(w, 8) E H x H, 
6 E H”. 
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First, cp(a) > 0 by (2.2) and F(E) = 0 by (3.5). 0 prove (3.5j let /I = E 
in (2.4): for 6 E H 
d,(aS, S) = dl(LY, c) - qa, 6) + 1. 
Using (2.3) and then replacing dI by F, we have (3.5); and (3.7) is obtaine 
by (2.3). 
Conversely assume that y: H-+ PO is given such that (3.5) is satisfied. 
Let ~!~(a, ,k!) = y(a) - v(p). First, 4(a, 6) > 0. Clearly &(a:, 13) = -4(pis, a)* 
Second, 
4% Bj = v(d - f?@> = 944 - P(Y) + 9474 - 943 = 4(% 74 f 4h PJ 
Next we will prove (2.4). By (3.5), for 8 E H 
Subtracting the second from the first we have (2.4). 
Thus, given q~, d,(ol, ,8) is determined by (3.7). Furthermore d(f, v), 
[, 7 E G, is determined as follows: 
(3.8) For 4,q E G such that f = 7 (mod H) 
45, r) = q-J(W) + -1(5, TJ-‘> - wl, 77) = dWj - wrl, 17) + 1. 
Consequently each X-congruence p on S = (6; Ij is determined by N and 
y: N + PO which satisfies (3.5): 
(3.9) (w 6) P (a, 7) iff f2 - m = &V) - GT-~, ‘7) + 1. 
Now assume an abelian group H and a function 9: H + PO are given 
such that (3.5) is satisfied. Then I(ol, ,/I), (Y, /? E H, is an X-function of II. 
Again recall the terminology in the abelian group extension. We mentioned 
in Section 1 the group extension ((B, A; f)) of B by A with respect to $ 
Two factor systems f and g are called equivalent if there is a function 
4: A + B such that 
&?i% P> = f (a, P) + !H4 + w3 - IcIc4 for all a, /3 E A. 
hence 
$44 = 0, 0 being the identity element of 
The extensions ((B, A; f)) and ((B, A; g)) are said to be equivalent if j and g 
are equivalent. Let 0 denote the factor system defined by O(a, ,Q = 
for all cy, /3 E A. (See [4].) 
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Let us return to the Y-function I(ol, /3) of H. Let 
I%, t9 = 4% P) - 1. 
Thenf is a factor system of H into 2. Theorem 3.4 can be restated as follows: 
THEOREM 3.4’. Let S = (G; I) be an N-ser.@roup. Assume a subgroup H 
of G and a factor system f of H into Z satisfy: 
(3.10) f(% P) 3 -1 
(3.11) There is qx H -+ PO such that 
.fb, B> = 9.44 + V(P) - CPW for aa 0~~ B E H. 
Then dl can be dejined by dl(ol, /3) = cp(cs) - q(p). 
Remark. (3.11) implies (3.12) below: 
(3.12) f is equivalent to 0. 
However (3.11) is not necessarily equivalent to (3.12), under (3.10). 
EXAMPLE. Let H be the group of all real (rational) numbers with respect 
to addition. Define $: H -+ Z by #(cY.) = [a], [CX] denotes the Gaussian 
symbol in the number theory, i.e., [a] is the greatest integer smaller than or 
equal to 01. [a] = i, i < 01 < i + 1, i is an integer. It is easy to see 
[a + B] = [aI + [PI or [al + [PI + 1. Therefore 
W + #(P) - #(a + P> = 14 + lP1 - b + PI = 0 01 -1. 
Let f(a, P> = #(4 + M> - #(a + P>. .f is a factor system of H into Z and 
is equivalent to 0. However there is no 9 which satisfies (3.11). This follows 
from the fact proved below. Assume 
(3.13) f(a, P> = 44 + Y,(P) - da + PI = 464 + W2 - #(a + PI and 
let &f) = ~(4) - $(E), E E H. Then ~(4 + R(P) A TJ& + B) = 0. This 
means that v1 is a homomorphism of H into Z. However only p1 = 0 is a 
homomorphism, hence we have that (3.13) implies p = #. 
4. N-HOMOMORPHIC IMAGES 
Let 5’ = (G; 1) be an J-semigroup and let p be an M-congruence on S. 
Let S = S/p. S is an Jlr-semigroup. Let (m, CX) denote the element of S/p, 
i.e., the p-class containing an element (m, a) of S. We will find the structure 
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group G and the $-function I of S with respect to (0, E), E being the identity 
element of G. 
A congruence 6 of S is associated with the congruence 0 of G in the 
following way: 
Of course it is well defined and the following is obvious: 
_-_ __ .__ 
@Y 5) Q (6 17) iff (0, E)~ (k E) = (0, E)~ (1,~) for some m, n, 
S/6 is the structure group of S with respect to (0, E) and it is isomorphic 
to G/o. 
From now on, a “prime” in s means a prime element of S with respect to 
(0, E), i.e., an element which cannot be divisible by 
'PROPOSITION 4.1. Let X be a p-class of S. The followi& are equivalent. 
(4.2) X is a prime of S. 
(4.3) Hf (x, rr) E X, then x = 0. 
(4.4) X 2 ((0, 7-r) E S : d(n, l> = 0 for all 6 > 7r>. 
-- 
ProoJ: (4.2) + (4.3). Assume (x, r) is a prime of s. Suppose x > 8. 
Then m = (0, C)(CC - 1, n). Th is is a contradiction to the assumption 
of (4.2). Therefore x has to be 0. 
(4.3) + (4.4). Let X be given in (4.3), (0, z) E X and r 6 5. Then there 
are m, n such that (m, 7) p (n, e), m < n and so (O,7a) p (n - m, +$), since p is 
cancellative. By assumption z - m = 0. Therefore d(n, 8) = 0 for all 
42 =* 
(4.4) ---f (4.2). Suppose (0,) v is not a prime, Then there is (I, r’) such 
that 
(O,) = (O,)(W) = (I -/- 1, d). 
But d(r, v’) = 0 by the assumption and so there is no I satisfying d(z, v’) = 
1+ 1. X has to be a prime. 
Notice that (4.4) is equivalent to (4.4’): 
(4.4’) X C ((0, TT) E S : d(n, <) < 0 for all 5, [or). 
Such rr E G is called a p-maximal element of 6. According to the general 
theory of A’--semigroups, each &class of S contains a unique prime element 
X described in Proposition 4.1. a: is p-maximal in G if and only if (m, a) 
is maximal with respect to the order < for each non-negative integer m. 
We define a function 9: G -+ 2 as follows. Let 01 E G and let (0, rr) be a 
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prime element of the a-class containing (0, CX). 7~ is a p-maximal element of G 
associated with 01. 
(4.5) @(cd) = d(cd, 7T). 
- - 
This is well defined since if (0, STY) = (0, n.J are such primes, then 
d(ar, ri) = d(ol, 7rs). If O~UE then $(a) = ~(a). 8 is an extension of v to G, and + 
is determined by 9 as follows: By (3.Q for 01 E G, 
(4.6) %4 = d an--‘) + I(a, n-1) - I(?+, T) 
where v is p-maximal associated with 01. Then (4.6) can be adopted as the 
definition of + instead of (4.5). In fact if rr and us are p-maximal associated 
with 01, then, since d(ol, nl) = d(ol, ns), 
q+m~l) + I(a,7r;-I) - I(n-p, 7Tl) = 9)(cm~1) + I(a, n-;l> - I(7$, Trs). 
Let us prove 
(4.7) q(a) = my d(cw, f) < I@, a-“). 
Proof. The equality part is obtained from (4.5) and (4.4’). To prove the 
inequality part, 
0 2 d(~, a-‘.$) = d(a-la, d-15) = d(a, [) - ](a, a-“) + I(& a-‘) by (2.4). 
Hence d(a, 5) < 1(a, a-r) - I(,$, a-l) < I(ol, a-l) for all f, &XC Immediately 
we have (4.7). 
Let G = G/a. Let sP = ((0, n;~) : p E Gj be the set of all prime elements 
of S with respect to (O,). Of course (0, C) E S, . We will find the Y-function - - 
f: G x G + PO. Let (0, nr) and (0, us) be elements of gP . Then we have 
where ~a is a p-maximal element associated with nlrrs . Therefore 
-- - 
(4.9) w, 4, (0, TJ) = e1 > 4 + q(vd. 
- - 
1 in (4.9) is independent of choice of r1 , ns . In fact, if (0,~~) = (0, 7~~‘) 
-- -7 and (0, ns) = (0, us ), then (0,7F1)(0, = (o,m and 
Recall (0, ~a) and (0, ~a’) are primes. By using d(7rs , ws’) = 0 we have 
e-Q T n.2) + @(wd = 1(Q-$‘, .rr,‘) + $qTl’T,‘). 
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We have 
THEOREM 4.10. Let S = (G; I) be an ~-s@rn~g~oup and let p be an 
M-congruence on S. Then the congruence o 0% G and thef~mct~o~ d: 0 -+ Z are 
induced by Theorem 2.0; $3 is induced by (4.5). Let @ = G/o and let 5 delaote 
an elenzent of G i.e. the o-class containing r E 6. 4: e x e -+ PQ is dq5ned by 
where ~(3~~7~~) = d(rln2 , a), 01 is p-maximal associated with v,~T, 1 Then S/p 
is isomorphic to (G; I). 
A semigroup D is called a subdirect product of semigroups A and B if 
is a subsemigroup of the direct product A x B and the projection of D to 
A (i.e., (a E A : (a, b) E D for some b E B)) coincides with A and the projection 
of D to B coincides with B. If pi and pz are congruences on La, then Hz is 
isomorphic to a subdirect product of D/p, and Dips if and only if p, n ps = 
L the equality relation. If p1 # L and pa i: L, the subdirect product is calle 
non-trivial. 
An M-congruence on an N-semigroup S is called trivial if p = L. 
THEOREM 4.11. An N-semigroup S is isomorphic to a non-trivial subdirect 
product of an N-semigroup T and an abelian group G if and only if S has a 
non-trivial N-congruence. 
Boof~ Suppose S has a non-trivial Jlr-congruence p. Let S = (6; P> and 
let T = S/p. Let 7 be the congruence on S defined by 
(x3 t> 7 (Y, 7) iff (= 3. 
S/r s G. Let d be the function, induced by p, given in heorem 2.0, that is, 
cx, 6) P (YT 7) if? y - x = d([, 7). 
To prove p CT 7 = L, suppose (x, f) p A ‘T (y, 7). Then ( = 9 ad y - x = 
d(f, 7) = 0 by (2.1), hence y = x. Thus we have (x7 6) = (y, q)> that is, 
pn7=L. 
The converse is obvious. 
CORQLLARY 4.12. An J(r-semigroup is isomorphic to a subdirect product 
of an irreducible M-semigroup and an abelian group. 
Remark. All subdirect products of an abelian group and an (irreducible) 
Jtr-semigroup need not be M-semigroups. 
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EXAMPLE. Let 
with the usual addition. S is a subdirect product of 
{Y:Y>ol and {x:-co<x<co} 
but S is not an N-semigroup: 
I.9 = ((x, y) : y > 1 x I> u ((x, x) : x > O} u ((x, -3) : x < 01. 
Thus S is a semilattice of the three archimedean components. However 
every subdirect product of a periodic abelian group and a positive rational 
semigroup is a power-joined N-semigroup. (See [13].) 
5. N-CONGRUENCES ON POWER- JOINED N-SEMIGROUPS 
A semigroup S is called power joined if for every a, b E S there are positive 
integers m, n such that am. = b”. Th is section is devoted to the discussion 
of N-congruences on power-joined Jf-semigroups. 
Let S = (G; I) b e an N-semigroup. S is power-joined if and only if G 
is periodic, equivalently all structure groups of S are periodic. As a special 
case S is finitely generated if and only if G is finite. (See [l], [2].) Sasaki and 
the author studied the faithful representation of power-joined N-semigroups 
u31. 
PROPOSITION 5.1 [13]. Let S = (G; I) be a power-joined Jlr-semigroup. 
Let R, be the semigroup of all positive rational numbers with addition. Let 
q: G + R, be a function dejined by 
(5.2) $5(a) = ‘Ky ai) , where as = E. 
Then 
(5.3) $5(e) = 1, 
(5.4) $?(a) + &3) - q(c@) is a non-negative integer for all 01, p E G and 
(5.5) I(@, B) = F(m) + $V) - $X0113), for all 01, B E G. 
Conversely if q’: G -+ R, satisJies (5.3) and (5.4), then I defined by (5.5) is an 
Y-function of S. 
Notice that I$ is well defined; in other words, the value of ~(a) is 
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independent of s, a multiple of the order of 01; so we may choose s as the order 
of 01. S is denoted by S = (G; q) if S is power-joined. 
THEOKEM 5.6. Let 5’ = (G; I) be power-joined. A subgroup H of G has a 
function 9: H + PO satisfying (3.5) in Theorem 3 ;f and only g H is a 
subgroup of G such that p(E) is a positive integer fog fJ E H. In this case 9) is 
~n~¶ue~y determined by H, that is, 
q&t> = q(f) - 1, E E 
Pp.oof. Assume that there exists a subgroup H and p): 4 B” satisfying 
(3.5) in Theorem 3.4: 
(5.7) d.4 + Y(P) - 944) = I(% S) - 1. 
Let ~~(0 = q(t) - 1 where I$ is defined by (5.2). It follows from (5.5) that 
(5.8) ~44 + cpl(P) - ~~(43 = I(a, P) - 1 for all a:, P E 
Now let p’(t) = v(f) - q&E). Then y’ is a map of W into the group 
rational numbers with addition. But we see, by (5.7), (5.$), 
9J’(4 -l- d(P) = v’(4 
This tells us that v’ is a homomorphism of N into 62. I-However, since 
periodic, the only homomorphism, H--t R, is the zero ma 
q’(1) = 0 for all E E 
whence v,(t) = q(4) - 1. Also this shows that q(c) is a positive integer 
since ~(0 3 0. 
Conversely assume q(f) is a positive integer for all l E f% Let 
p;(E) = a(f) - 1. Immediately we see that p(t) is a non-negative integer 
and satisfies (3.5) or (5.7). 
Thus each N-congruence p on S is determined by a subgroup 
which p is positive integer valued. Such an H is called an N-subgroup o 
(with @). Theorem 5.10 will describe the relation between N and ,CA 
Let H,, denote the set of all elements 01 of G such that B(E) is a positive 
integer, equivalently the set of all 01 such that 
g I(% 4 is a multiple of s, 
where s is the order of 01. 
LEMMA 5.9. Ho is a subgroup of G and every subgroup of is alz JBr- 
subgroup of 6. 
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Proof. Since G is periodic it is sufficient to show that H, is closed with 
respect to the operation of G. Assume F(E) and &3) are positive integers. 
By (5.5), 
whence up is an integer, but $?(w$) is a positive rational number by the 
definition of q. Therefore g(@) is a positive integer. The latter half of the 
statements is obvious. 
Notations. If pr and pa are congruences, pi v ps denotes the congruence 
generated by p1 and p2 ; p1 n pz is the intersection of p1 and pz . If H1 and H, 
are subgroups of G, H1 v Hz denotes the subgroup generated by H1 and H, ; 
Hr n Hz is the intersection of HI and H, . Clearly p1 v pz = p1 . p2 = pz . p1 , 
H1 v H, = H1 . Hz = Hz . Hr where pr . pz is the usual multiplication of 
relations. 
THEOREM 5.10. The set 9 of all J-congruences on a power-joined 
Jf-semigroup S forms a sublattice of the lattice Z0 of all congruences on S and 64 
is isomorphic to the lattice &Y of all subgroups of H,, . In other words there is a 
bijection F: X -+ 9 such that 
*(H, v H,) = %(H1) v 9(H,), 9(H, n H,) = 9(H1) n 9(HJ. 
Proof. 9 is defined in the natural way as treated in this paper. It is 
obvious that 9 is one to one and onto. The proof of preserving the lattice 
operations can be done by recalling the relationship between p and H. The 
detailed proof is left for the reader. 
Finally we notice a few remarks. Let 9(H,) = p,, . A semigroup is called 
power-cancellative if 
am=bm+a=b (m = 1, 2, 3 . ..). 
PROPOSITION 5.11. S/p0 is isomorphic to a semigroup of positive rational 
numbers with addition. p0 is a unique power-cancellative congruence on S, 
except the universal relation. 
Proof. We know that a power-joined Jlr-semigroup S is homomorphic 
to a positive rational additive-semigroup [13]. Let p,,’ be the congruence 
on S induced by the homomorphism. p,,’ is an N-congruence on S. Suppose 
there is an N-congruence p which properly contains pO’. Since S/p is a 
power-joined .M-semigroup, there is an N-congruence p’ such that p C p’ 
and S/p’ is isomorphic to an additive positive rational semigroup. Hence 
PO' 2 p', hence S/p,,’ is properly homomorphic to S/p’, that is, the homo- 
morphism is not injective. However any homomorphism between additive 
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positive rational semigroups must be injective [13]. This is a contra 
Therefore pO’ is a maximal M-congruence on S. On the other hand, pO is the 
greatest M-congruence on S, hence pO = pO’. For the Iast statement see [13]. 
In the following, S is not assumed to be power-joined. 
PROPCXITIQN 5.12. The following are equivalent: 
(5.13) A semigroup S is isomorphic to an additive positive ~at~Q~a~ semi- 
group. 
(5.14) A semigroup S is commutative, power-joined a~d~owey-~an~ellative. 
(5.15) A semigroup S is power-joined, irreducible ~-sern~g~o~~. 
(5.16) A semigroup S is a power-joined ~-sernigyo~~ ia which 
PYOOJ These are immediate consequences. See [13] with respect to (5.14) 
ADDENDUM 
We have obtained: 
THEOREM. An irreducible M-semigroup is ~somoyphic to a semigrozlp 
of positive real numbers with addition. 
Remark. A positive real semigroup need not be irreducible, not even 
archimedean. 
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